The quality of two different separable expansion methods (W matrix and Ernst-Shakin-Thaler) is investigated. We compare the triton binding energies and components of the triton wave functions obtained in this way with the results of a direct two-dimensional treatment. The Paris, Bonn A and Bonn B potentials are employed as underlying two-body interactions, their total angular momenta being incorporated up to j ≤ 2. It is found that the most accurate results based on the Ernst-Shakin-Thaler method agree within 1.5% or better with the two-dimensional calculations, whereas the results for the W-matrix representation are less accurate.
I. INTRODUCTION
Separable approximations or expansions of the underlying two-body interaction play an essential role in calculations of few-nucleon systems. In the three-body problem such an input reduces the two-dimensional Faddeev equations, or the corresponding Alt-GrassbergerSandhas (AGS) equations, to one-dimensional effective two-body equations [1] . Analogously, the four-body AGS equations go over into effective three-body, and, after repeated application of separable expansions, into effective two-body equations [2] . A considerable reduction of the complexity of the original problem is achieved in this way. What remains to be done, however, is a careful test of accuracy of the respective separable representations.
In early calculations Yamaguchi-type separable potentials were employed. Though not very realistic, they simulated characteristic aspects of the nuclear interaction, leading thus to qualitatively correct cross sections for three-nucleon scattering. Stimulated by this experience, rather sophisticated separable approximation or expansion techniques were developed and have been applied successfully to realistic interactions.
The Ernst-Shakin-Thaler (EST) expansion [3] is considered as a particularly powerful separable approach. Its efficiency has been thoroughly investigated for the Paris potential [4] . Indeed, based on high-rank separable expansions of this type [5, 6] , rather accurate predictions for the neutron-deuteron (n-d) cross section and some polarization observables were achieved [6, 7] . Later on, when direct solutions of the two-dimensional three-body equations became available [8] , it was established that the results obtained in this way and with the EST approach are in excellent agreement [9, 10] .
The W-matrix method [11] provides quite directly a rank-one separable representation of the two-body T matrix, which preserves the analytical properties of the original T matrix.
For the Malfliet-Tjon (MT I+III) potential three-body bound-state and scattering results [12, 13] , including break-up [14] , were obtained on this basis in complete agreement with alternative treatments. Calculations for the Paris potential were also found to be rather reliable for most, but not all observables [13] .
For further applications of separable approximations or expansions, e.g., in processes as the photodisintegration of three-nucleon systems [15, 16] , the corresponding radiative capture [17] , or the pion absorption on such systems [18] , additional tests of accuracy of the threebody wave functions involved appear desirable. In case of a 5 channel calculation and the EST method such a test has been made already in Ref. [19] for the Paris potential, and, with a modified expansion method, in Ref. [20] for the Argonne 14 potential restricted to
In what follows we compare triton bound-state calculations performed by means of the EST expansion and the W-matrix approximation with direct solutions of the twodimensional homogeneous three-body equations. In view of the sensitivity of the bound-state problem to differences in the two-body input, this comparison should provide a particularly relevant test of accuracy of these methods.
The paper is organized as follows: Sections II and III briefly describe the W-matrix and EST methods, respectively. In Sec. IV we give the relevant equations for the bound-state calculations using separable potentials (details of the direct treatment can be found in Refs. [21, 22] ). Our results and conclusions are presented in the last section.
II. W-MATRIX REPRESENTATION
The W-matrix method [11, 13] leads to a quite appropriate splitting of the two-body T matrix into one dominant separable part and a small non-separable remainder
Similarly to the T matrix, the W matrix is defined by an equation of Lippmann-Schwinger type, however, with a modified non-singular kernel. After partial wave decomposition this equation is given by (we use units (hc) 2 = 2µ = 1 and thus
where k is subject to the constraint k = √ E for E ≥ 0 and is kept arbitrary for E < 0.
Here l andl are the orbital angular momenta, and η = (s, j; t) stands for the spin, the angular momentum j [ with the coupling sequence (l, s)j], and the isospin t of the two-body subsystem. The input entering Eq. (2.2) is related to the two-body potential matrix V η ll
The separable part of the W-matrix representation (2.1) of the two-body T matrix is given by
and the nonseparable remainder reads
The propagator ∆ η ll ′ is given by
where
On-the-energy-shell and half-off-shell the separable part (2.3) of (2.1) is identical with the exact T matrix. In fact, when inserting the momentum k = √ E for one or both of the momenta p or p ′ , we easily see that the remainder (2.4) vanishes. Therefore, the separable part of the T matrix has the same pole and cut structure as the full T matrix. This suggests to approximate the T matrices, entering the kernel of Faddeev-type equations, by the separable expression (2.3). To optimize this approximation, i.e., to minimize the effect of the neglected remainder, two criteria for the choice of the functional form of the free parameter k were developed [13] . In the present work we apply the criterion based on the Schmidt norm of the kernel of the three-body equations.
In the past this method has been used in elastic n-d scattering calculations [12, 13] , in the breakup case [14] , and more recently in the photodisintegration of the triton [15] .
III. EST METHOD
The Ernst-Shakin-Thaler (EST) method [3] allows one to generate separable representations of arbitrary rank N that agree exactly (on-and half-off-shell) with the original T matrix at N specific, appropriately chosen energies.
For a brief outline of this method let us begin with the (partial-wave projected)
Lippmann-Schwinger equation for the wave function,
where |k E is the incoming wave, and G 0 (E) the two-body Green's function. The dependence on the orbital angular momenta l, l ′ and on the conserved quantum numbers (the spin, the angular momentum j [ with the coupling sequence (l, s)j], and the isospin t of the two-body subsystem) is suppressed for convenience. For proper scattering solutions (on-shell), k E and E are related by E = k 2 E . According to the EST method, a rank-N separable representation of a potential V is given by the form
where E µ , (µ = 1, ..., N), is a freely choosable, but fixed set of energies. The coupling strengths Λ µν are determined by the condition 
Here T and T EST are the two-body T matrices for the potential V and its separable representation V EST , respectively. Evidently Eq. (3.4) means that the on-shell, as well as the half-off-shell T matrices for both interactions, V and V EST , are exactly the same at the energies E µ .
With the form factors |g
Eν l (η = (s, j; t)) and the propagators ∆ η µν of this representation, the two-body T matrix reads
and
For more details of this construction we refer to Refs. [4, 5] . The chosen approximation energies E µ for the interaction models considered in the present study are summarized in Table I . These energies completely specify the separable expansion (3. In Sec. V we are going to present three-nucleon bound state results, based on the EST representation, with a varying rank in various two-body partial waves. We characterize these representations by (n 1 n 2 n 3 ...), where n 1 , n 2 , n 3 , ... stand for the ranks in the
For a specific rank n µ in a certain partial wave the approximation energies E µ can be read off from Table I . They are given by the first n µ entries. The notation in the results of the three-body calculations is done in the same order of the partial waves, but the ranks of the unused partial waves are left out.
IV. 3N BOUND-STATE CALCULATION
The triton bound state |Ψ t is determined by the eigenvalue equation
where the total Hamiltonian H is given by
Here we have used the complementary notation V γ = V αβ for the two-body potentials, while H 0 denotes the free three-body Hamiltonian. When introducing the corresponding resolvent
can be written in form of homogeneous integral equations,
withV γ = V − V γ being the channel interaction between particle γ and the (αβ) subsystem.
The latter equation can also be understood as a representation of the bound state by the
Multiplying this representation with (1 − δ βγ )V γ , using the relation V γ G γ = T γ G 0 , and summing over γ, we obtain for |F β the coupled set of homogeneous integral equations
Note that this relation may alternatively be derived by going to the bound-state poles of the AGS equations, providing thus their homogeneous version [1] . From (4.2) and (4.4) we infer that the solutions of Eq. (4.5) provide |Ψ t according to
The |ψ γ are the standard Faddeev components, as seen by using the definition of |F γ and the relation (4.3), )K] and the relative angular momentum between the two-body subsystem and the third particle, respectively. Γ is the total angular momentum following from the coupling sequence (K, L)Γ, and I is the total isospin. These states satisfy the completeness relation
The required antisymmetry under permutation of two particles in the subsystem can be achieved by choosing only those states which satisfy the condition (−) l+s+t = −1 . Table II contains the quantum numbers of the corresponding channels taken into account.
Inserting the separable T matrix (3.5) for the EST potentials and defining
Eq. (4.5) goes over into
being the so-called effective potential. The recoupling coefficients entering this equation can be found in Ref. [13] (or in a more compact form in [21] for another coupling sequence which can easily be changed to the present one). In case of the W-matrix representation Eqs.
(4.10) and (4.11) are of similar form and, therefore, not given here.
After discretization Eq. (4.10) can be treated as a linear eigenvalue problem, where the energy is considered as a parameter which is varied until the corresponding eigenvalue equals unity. The eigenvalues can be found by using standard numerical algorithms. A better approach is an iterative treatment, known as "power method" [23] , which is justified due to the compactness of the kernel of the integral equation employed. It was found that this method is much faster than standard eigenvalue algorithms and yields the same accuracy.
For the direct solution of the two-dimensional Faddeev equations we used a Lanczos-type algorithm [24, 25] that is even more efficient.
For the integration in Eq. (4.10) a standard Gauss-Legendre mesh was chosen. The angular integration in the effective potential was done with 16 grid points. Table III Tables IV-VI, compared with results from a two-dimensional treatment [21] of the Faddeev equations.
The whole wave function can now be calculated by either using Eq. (4.6), or by applying the permutation operator P on one Faddeev component [21] 12) where P represents the sum of all cyclical and anticyclical permutations of the nucleons.
From the practical point of view the latter method has to be preferred. Once |ψ 1 is computed
|F 1 the calculation of the full wave wave function via Eq.
(4.12) is independent of the rank of the separable approximation, which considerably reduces the computing time.
The wave function is normalized according to 
A. Properties of the wave function
It is common to investigate the properties of the wave function in the LS-coupling scheme (for simplicity we skip the dependence on the isospins in the notation, since they are not recoupled)
In this scheme first the two orbital angular momenta and the two spins are coupled separately. The total orbital angular momentum is then coupled with the total spin to the total angular momentum of the three-body system. The total angular momentum of the triton is Γ = 1/2, the total spin S of three particles can be S = 1/2 or S = 3/2. The total orbital angular momentum is, therefore, restricted to L = 0, 1, 2.
The transformation from the channel spin into the LS coupling scheme is given by In the LS coupling scheme the wave function can be classified according to the contributions of the states belonging to L = 0, 1, 2.
P(L) = P(S) + P(S ′ ) + P(P) + P(D). (4.16)
The contributions to the normalization constant for a certain total angular momentum are denoted by P(L). In case of L = 0 also the symmetric and mixed symmetric spatial contributions P(S) and P(S'), are extracted. The antisymmetric part P(S") of the wave function is negligible and, therefore, has been omitted. The main contribution to the mixed symmetric part stems from the difference between the 1 s 0 and the 3 s 1 interaction.
V. RESULTS AND CONCLUSIONS
As a test of accuracy of the EST and W-matrix approaches we compare the triton binding energies and wave functions obtained in this way with the results of a two-dimensional treatment of the Faddeev equations. In Tables IV-VI our binding energies obtained for the Paris, Bonn A, and Bonn B potentials are given for different combinations of partial waves.
For all three potentials considered here, the EST results converge with increasing rank and agree within 0.2% with the two-dimensional results. In case of the W matrix, the free parameter k was chosen differently in each partial wave according to the criterion employed in Ref. [13] , which consists in providing a binding energy close to the results obtained with other methods. This optimization method is not fully satisfactory in the j ≤ 2 calculations, due to ambiguities in fixing k when including the 3 p 2 -3 f 2 partial wave. The agreement of the W-matrix calculations with the two-dimensional results is less good than in the EST case.
There are differences between 0 ≤ 4%.
Our five-channel, i.e., j ≤ 1 + , calculations for the Paris (EST) potential are also in perfect agreement with the results by Parke et al. [19] . We can, moreover, compare with the results by Friar et al. [26] generated in coordinate space, and find again good agreement.
For j ≤ 2 and the Paris potential our results are exactly the same as those of Ref. [10] .
The binding energies for Bonn A and j ≤ 2 differ only slightly from those by Fonseca and
Lehman [27] .
For the Paris (EST), Bonn A (EST), Bonn B (EST) potentials the components of the three-body wave function, defined in the previous section, differ from the two-dimensional results by 0-2.5%, 0-0.05%, and 0-3% respectively. It should be emphasized, however, that
only P(P) shows the large deviation of 3% quoted, while all other components are in much better agreement.
The W-matrix results for the components of the wave function differ by 0-12%, 0-10%, and 0-10% in case of the Paris, Bonn A, and Bonn B potentials, respectively. Here the largest deviations are found both in the P(P) and in the P(S') components. Thus, we have demonstrated the high quality of the EST expansion method. For j ≤ 1 + and the Paris (EST) interaction this has been done already in [19] , and for the Argonne potential (with a modified expansion scheme) in [20] . Here we have extended these former investigations up to j ≤ 2, using moreover two versions of the Bonn potential. The accuracy achieved within the W-matrix approach is less satisfactory, namely of the order 2-10%. But it should be recalled that this treatment is based on a rather simple rank-one approximation only. and Bonn B potentials. ǫ d refers to the deuteron binding energy. E µ are lab energies in MeV. In case of coupled partial waves, the boundary condition chosen for the angular momentum l µ of the initial state (cf. Ref. [4] ) is also specified. Paris-r is taken from Ref. [26] . Table II . 
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